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ON FORMAL GROUPS AND GEOMETRIC
QUANTIZATION
JACK MORAVA
Abstract. In the theory of geometric quantization, the (cobor-
dism classes of) complex projective spaces, regarded as symplectic
manifolds, are to the (cobordism classes of) complex projective
spaces, regarded as almost complex manifolds, as elementary sym-
metric functions are to Newton’s power sums.
§I
1.1 In 1971 Quillen identified the graded completed Hopf algebra (MU∗CP∞,∆)
with the universal one-dimensional formal Lie group law
∆c = c⊗ 1 +L 1⊗ c ∈ MU
∗[[c⊗ 1, 1⊗ c]]
defined by Lazard in 1955, and in 1976 Ravenel and Wilson identified
its dual Hopf algebra MU∗CP∞ as generated over MU∗ = MU∗(pt) by
bordism classes
[bn : CP n ⊂ CP∞]
(defined by the standard inclusions, Kronecker dual to cn), subject to
the relations
b(z0 +L z1) = b(z0) · b(z1)
defined in terms of generating functions b(z) =
∑
n≥0 bnz
n; where c
is Quillen’s Euler-Chern class, and the zs are book-keeping indetermi-
nates (all of cohomological degree two). This is closely related to Katz’s
contemporaneous identification of the Tate module of the Cartier dual
of Lazard’s group law.
Since CP∞ ≃ BT (T ⊂ C
× being the circle group) are both Eilenberg -
Mac Lane spaces of typeH(Z, 2), the b∗ can regarded as bordism classes
of complex-oriented manifolds decorated by a complex line bundle L,
or (perhaps less familiarly) as complex manifolds CP∗(ω) with Fubini-
Study symplectic class defined in terms of homogeneous coordinates zi
by ω = −2∂∂ log |z|2. We’ll return to this point of view in the next
section.
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These Hopf algebras are torsion-free, so we can use the formal power
series log(1− x) = −
∑
n≥0
xn
n
to argue that
log b(z0 +L z1) = log b(z0) + log b(z1) .
Miˇscˇenko’s logarithm
logL(z) =
∑
k≥0
CP k−1
zk
k
∈ MU∗Q[[z]]
(and its formal inverse expL), which satisfy the relations
z0 +L z1 = expL(logL(z0) + logL(z1)) ∈ MU∗[[z0, z1]] ,
then imply the
Proposition:
(log ◦b ◦ expL)(z) = b1z
is a linear function of z; or, equivalently,
b(z) = exp(b1 logL(z)) = exp(b1
∑
k≥1
CP k−1
zk
k
) .
1.2 On the other hand, it is classical that Newton’s elementary sym-
metric functions ek(x∗) and power sums pk(x∗) (defined in terms of
indeterminates x∗ = x1, . . . , xj , . . . by
e(z) :=
∏
j≥1
(1 + xjz) =
∑
k≥0
ekz
k ,
∏
j≥1
(1− xjz)
−1 =
∑
≥0
pkz
k
(with e0 = p0 = 1)) satisfy the relation
e(−z) = exp(−
∑
k≥0
pk
zk
k
) .
This allows us to express
en = (−1)
n
∑
|pi|=n
∏
k≥1
(−pk)
rk
rk!krk
as a sum, with rational coefficients, of monomials in the power sums,
indexed by partitions pi of n =
∑
krk with rk parts of cardinality k ≥ 1
[12 §2.14].
Let
S0∗ = Z[pk]k≥1 ⊂ Z[ek]k≥1 = S∗
denote the polynomial algebras over the integers generated respectively
by the power sums and elementary symmetric functions, and define a
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ring homomorphism S0∗ → MU∗[b1] by pk 7→ −b1CP k−1; then we have
the
Proposition:
MU∗CP∞ ∼= MU∗[b1]⊗S0
∗
S∗
is generated over MU∗ by the elements
bn = (−1)
n
∑
|pi|=n
(
∏
k≥1
CP rkk−1
rk!krk
)(−b1)
∑
rk =
bn1
n!
+ · · ·+ (−1)n−1CP n−1b1
of Q[CP k]k≥1[b1].
In other words, the CP ∗ (regarded as symplectic manifolds) are to
the CP ∗ (regarded as complex-oriented manifolds, suitably regraded)
roughly as the elementary symmetric functions are to the power sums.
1.3 A generator β : S2 = CP 1 → CP∞ of pi2CP∞ defines an H-space
map from the free topological monoid on S2, to CP∞. By work of
James [19] this is stably equivalent to a map from ΩS3 to CP∞; and in
fact a level one projective representation of the loop group LSU(2) on
a separable Hilbert space H defines a continuous homomorphism
ΩSU(2)→ PGlC(H) (≃ H(Z, 2)) ,
[16 §3.9] inducing a homomorphism
MU∗ΩSU(2) ∼= MU∗[b]→ MU∗[bn]n≥1 ∼= MU∗CP∞
of Hopf algebras, taking b to b1. The dual homomorphism
MU∗CP∞ ∼= MU
∗[[c]]→ MU∗[[γnc]]n≥1 ∼= MU
∗ΩSU(2)
embeds the formal power series ring on the left in its completed divided
power envelope, representing an analog of the exponential map for a
formal Lie group [15 §III]. From now on we will write b for b1.
§II
2.1 In 1992 VL Ginzburg defined a generalized symplectic structure
on a manifold V as a closed maximally non-degenerate two-form ω,
i.e. symplectic in the usual sense when V is even-dimensional, and such
that
ω : TV → T
∗
V
has one-dimensional kernel everywhere when the dimension is odd.
In the even-dimensional case there is a contractible space of almost-
complex structures j ∈ End(TV ), j
2 = −1 compatible with ω in the
sense that ω(j−,−) is a Riemannian metric on V .
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Definition A geometrically prequantized manifold (V,L,∇L, j) is de-
fined [4] by a Hermitian line bundle L → V with connection ∇L on
a smooth even-dimensional manifold, with symplectic curvature form
ω = iΩ(∇L) and compatible almost-complex structure j. A cobordism
W : V0 → V1 between two such manifolds is defined by a Hermitian
line bundle with connection on W restricting to the given line data on
its boundary, with a generalized symplectic curvature form as above,
together with a complex orientation compatible with the given almost-
complex structures on the boundary. Let B∗ denote the (evenly) graded
ring of bordism classes of such generalized geometrically prequantized
manifolds; according to [3] and [13] (see also [8]) we have the
Theorem: The homomorphism (of graded rings)
B∗ ∋ [V,L,∇L, j] 7→ [V, j,L] ∈ MU∗BT
is an isomorphism. 
Note that [ω/2pii] ∈ H2dR(V ) is the image of c1(L) ∈ H
2(V,Z).
2.2 Data of the sort described above can be used to define various (al-
most Ka¨hler, Spinc Dirac, twisted signature . . . [11]) elliptic differential
operators, which behave nicely with respect to products and cobor-
disms; but because symplectomorphism groups are generally large, it
seems unreasonable to expect a close analog of the rich spectral theory
of the classical Laplace-Beltrami operator [1,5,6]. But even if we may
not be able to hear the shape of a symplectic manifold, we can at least
hear its cobordism class.
Definition By inverting the class b1 and completing, we can define a
2-periodic graded bordism theory of ‘semi-classical’ geometrically pre-
quantized manifolds with
(MU∗BT)((b
−1)) =: B((b−1))∗
as coefficient ring [14 §2.3] The multiplicative monoid Z× of integers
acts on the circle group by
Z× × T ∋ l, u 7→ ul ∈ T
and thus on its classifying space BT ≃ CP∞, sending b(z) to b([l]L(z)) =
b(z)⊗l; in particular, b 7→ lb. If we regard bn as the embedding of CP n
in CP∞ defined by a line bundle L, then l
∗(bn) can be interpreted as
the cobordism class of the map of CP n to CP∞ defined by L
⊗l.
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The divided power γnb = b
n/n! (or, more precisely, its image inH2n(CP n,Z))
behaves in some ways like a volume form [2 §6], which suggests inter-
preting Prop. 1.2 above as a ‘semiclassical expansion’
CP n(lω) ∼ vol CP n(lω) · (1 + · · ·+ (−1)
n−1cpn−1 · n!l
−(n−1))
(in terms of grade zero elements cpk = b
−kCPk, rather than as their
representations in terms of Chern-Weil curvature integrals) as l →∞.
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